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Abstract 

We consider a class of measures called autophage which was introduced and 
studied by Szekely for measures on the real line. We show that the autophage 
measures on finite-dimensional vector spaces over real or Qp are infinitely divis- 
ible without idempotent factors and are absolutely continuous with bounded 
continuous density. We also show that certain semistable measures on such 
vector spaces are absolutely continuous. 

1 Introduction and Preliminaries 

Let G be a locally compact second countable group. Let V{G) be the space of 
Borel probability measures on G, equipped with the weak topology. For any /i and 
A G V{G), fi * X denotes the convolution of A and /i. For fi G V{G)^ fi is defined by 
fi{B) = fi{B~^) for any Borel subset B of G and for any integer n > 1, /z" denotes 
the nth-convolution of power of /i. We say that a measure /i G V{G) is continuous if 
fi{{x}) = for all X G G and absolutely continuous if fi is absolutely continuous with 
respect to a Haar measure on G. A continuous convolution semigroup (nt) in V{G) is 
a continuous homomorphism t ^ fit from the additive semigroup M"*" U into V{G). 

Let Aut (G) denotes the group of all continuous automorphisms of G. Then for 
any T G Aut (G) and A G P{G), T{X) is defined by T{X){B) = X{T-\B)) for any 
Borel subset B of G. An automorphism T G Aut (G) is called contraction if T"x e 
for all X G G. In case, G is a finite-dimensional vector space over real or Qp, we say 
that T G Aut (G) is a strict- contraction if ||T|| < 1, where || ■ || is the operator norm. 

We say that a A G V{G) is a factor of a /i G V{G) if there exists a z/ G V{G) such 
that /i = T(A) * u and u is called co-factor. Here we wish to study the measures fi 
for which there exists commuting contractions T and S such that T(/i) is a factor of 
fi with S{fi) as the corresponding co-factor. This type of measures on the real line 
was introduced and studied by Szekely and Szekely calls such measures autophage 
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see 



rUI). He also proved that nondegenerate autophage measures are infinitely di- 
visible and absolutely continuous with a bounded continuous density. The main part 
of his proof was to prove that the Fourier transform of such measures are integrable. 
This implies by Fourier inversion formula that such measures are absolutely contin- 
uous with continuous bounded density. Here we prove that autophage measures on 
finite dimensional vector spaces over real or Qp are infinitely divisible and absolutely 
continuous. For a given infinitely divisible probability measure it is of considerable 
interest to know when it is absolutely continuous. In this point of view these results 
are of considerable interest. We also show that certain semistable measures on vector 
spaces over real and Qp are absolutely continuous with bounded continuous density: 
see P] for results on the absolute continuity of semistable measures on M^. 



2 Menu-card of measures 

Definition 2.1 We say that a measure G V{G) belongs to the menu-card of a 
measure fi G V{G) if /i = * u for some contraction T of G. 

Remark 2.1 It is easy to see that a menu-card of a measure /i is non-empty if and 
only if /i is strongly T-decomposable for some contraction T: a measure n G V{G) is 
strongly T-decomposable for a T G Aut (G) if T(/i) is a factor of and T"'{fi) 5e 
(see and for results regarding strongly T-decomposable measures). 

We now prove that the nondegenerate strongly T-decomposable measures on real 
and p-adic unipotent groups, studied in are continuous which implies the continuity 
of measures with nontrivial menu-card. By an algebraic group over real or Qp we 
mean the group of real or Qp points of an algebraic group defined over real or Qp 
respectively. 

Proposition 2.1 Let G he a unipotent algebraic group over real orQp. Then nonde- 
generate strongly T-decomposable measures on G are diffuse, that is, continuous. In 
particular, if the menu-card of a measure fi G 'P(G') contains a nondegenerate measure 
then /i is continuous. 

Proof Let T G Aut (G) be such that /i = T(/i) * u for some u G V{G) and T"(/i) 
6e. Suppose fi is not continuous. We now claim that /i degenerates. Let Z be the 
center of G. Let Gq = G and for i > 1, Gi = [G,Gi-i]. There exists a k > such 
that Gk 7^ (e) but Gk+i = (e). Proof is based on induction on k. Suppose k = 0, then 
G is abelian. Since G has no elements of finite order, by 3.5 of 0, z/ degenerates and 
hence fi degenerates. Suppose k > 0. Let G' = G/Z and fi' and u' be the projection 
of fi and u under the canonical map from G to G'. Let T' be the factor automorphism 
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of G' corresponding to T. We then have ^' = T'^' * v' . It may be easily seen that 
/i' is also not continuous and hence by induction n' as well as z/' degenerates. Now, 
let A = /i * /i and p = u * v. Then A = T(/i) * v * i) * T{fi) = T(A) * p since * P is 
supported on the center of G. Also, A and p are supported on the center of G and 
the center of G is T- invariant. Since p is not continuous, there exists a xq € G such 
that p{{xo}) > 0. Now, A({e}) = p * p{{e}) > p{{xo})^ > 0. Thus, A is also not 
continuous. Thus, we infer from the abelian case that A degenerates and so does p. 



3 Autophage measure 

Definition 3.1 A measure p G V{G) is called autophage if there exists contractions 
T and 5* of G such that p = T{p) * S{p) and TS = ST. 



In [ly] and |0| autophage measures were introduced on the real line R. We recall 
the definition of autophage on M, p E V{M.) is autophage if F{x) = F{ax)F{hx) 
for some a, 6 > 1 where F is the distribution of p. Our generalization in Definition 

for measures on general groups, we replace the homothesies by two commuting 
contractions. If we had chosen two elements of a one-parameter semigroup of contrac- 
tions in place of homothesies, our notion would be very restrictive. Because in the 
p-adic situation, there are no one-parameter groups but there are many autophage 
measures in the sense of Definition Thus, our choice of commuting contractions 
in Definition yields more autophage measures. 

It may be easily seen that stable measures on finite-dimensional vector spaces are 
autophage. More generally, measures that are stable with respect to a commutative 
group of contractive automorphisms are autophage. We recall that a measure p in 
V{G) is said to be (T, ?T,)-semistable for some n e M and for an automorphism T if 
T[p'^) = p. It may be easily seen that (T, 2)-semistable measure is autophage when 
T is a contractive automorphism. 

We now directly show that Gaussian measures on are autophage. Let p he a. 
symmetric Gaussian measure on M". Then p{x) = exp — < Px,x > where P is a 
positive definite matrix. Let T be any strict-contraction on M" commuting with P 
such that T is invertible and symmetric (we may choose T to be a non-zero homoth- 
esy). Then for any x G M", < - ||r(x)||2 =< I-T^{x),x >, that is, J - is 
positive definite. Let 5* be the unique square root of / — T^. Then 5* is invertible and 
commutes with T. Since T commutes with P, S also commutes with P. This implies 
that TPT* + SPS* = T'^P + S^P = (T^ + S^)P = P. Thus, p = T{p) * S{p) where 
T and 5* are mutually commuting strict-contractions. 
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4 Infinite divisibility 



For any two contractions T and S on G, let sg(T, S) be the semigroup generated by 
T and S. For any a G sg(T, S), define I (a) to be the sum of number of T and S 
appear in the expression of a. Then we have 

Lemma 4.1 Let V be a finite- dimensional vector space over real or Qp. Let T and 
S be strict- contractions on V. Then a{x) e for all x E V as I {a) — >• oo. 

Proof Since T and S are strict-contractions, for a given e > 0, there exists a > 1, 
||T||"' < 1 and < 1 for all n > k. For a G sg(T,S) with l{a) = n, we have 

||q;|| < 1 1^1 l"~1l'S'| 1* for some < i < n. U n = l{a) > 2k, then ||a|| < e. Thus, 
I |q;| I ^ as l{a) oo. 

Proposition 4.1 Let V be a finite- dimensional vector space over real or Qp. Let 
Ti,T2,- ■ ■ ,Tfn be strict- contractions on V. Suppose fi is a probability measure such 
that /i = Ti(/x) * T2(/x) * ■ ■ ■ * Tm{lj)- Then is infinitely divisible without idempotent 
factors. 

Proof We treat the case m = 2 and the general case may be done in a similar 
fashion. Let T and S be strict-contractions on G such that fi = T{fi) * S{fi). We first 
claim that fi is infinitely divisible. Iteratively we get that 

fi = T{fi)S{n) 

= T\fi)*TS{fi)*ST{fi)*S\fi) 

= T3(/i) * r2^(/i) * r^T(/i) * TS\ii) * ST\ii) * STSifi) * S^Tiii) * S^iix) 

where the product varies over all a in {a G sg(T,S) \ l{a) = n}. Thus, we have a 
triangular system of probability measure where sum of the row product is fi and the 
nth row is 

T"(/i), T'^-^Sl/i), ■ ■ ■ , ^""M/i), 

Since the group is abelian, it is enough to claim that the triangular system is in- 
finitesimal. That is, we should prove that a{fi) — > e as l{a) — > oo which follows from 
Lemma [4.1| and dominated convergence theorem. 

We now claim that /i has no idempotent factors. We may assume that is a 
p-adic vector space. Let ujk be the maximal idempotent factor of fi. By a Theorem 
of Parthasarathy and Sazanov (see Theorem 7.2 of [Q), /i = ux * /ii where /ii is 
an infinitely divisible measure without idempotent factors. Since T and S are auto- 
morphisms, T{K) and S{K) are the maximal idempotent factors of T(/i) and S{fi) 
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respectively and T{ni) and S{ni) are infinitely divisible measures without idempo- 
tent factors. We also get that ojk * /^i = ojt(k)s(k) * T{fii) * S{^i). Since T(/ii) and 
S{fii) are infinitely divisible without idempotent factors, by Theorem 4.2 of 0, the 
Fourier transform of T(/ii) and S{fii) do not vanish . Let x be any character of V. 
If ujk{x) = 0, then ujt{k)s{k){x) = 0. If ujT{K)siK){x) = 0, then since fii{x) ^ 0, we 
have ujk{x) = 0. Thus, ljk = ^jJt{k)s(k)^ that is, K = T{K)S{K). Iteratively we 
prove that ni(a)=n = K for any n>l. Since a{v) — > e as l{a) oo, K C U for 
any compact open subgroup in V. Since V is totally disconnected, K = (e). Thus, /i 
has no idempotent factors. 

Theorem 4.1 Let Ti, T2, ■ ■ ■ , 6e contractions on a finite- dimensional vector space 
V over real or Qp such that TiTj = TjTi for all 1 < i,j < m. Suppose ^ = 
Ti(/i) * T2{fi) * ■ ■ ■ * Tm(/i) G V{y). Then fi is infinitely divisible without idempo- 
tent factors. In particular, autophage measures on V are infinitely divisible measures 
without idempotent factors. 

Proof We will treat the case when m = 2, the general case may be proved in a 
similar fashion. Let > 1 be such that \\T^\\ < 1 and ||5''^|| < 1. Since T and S 
commute with each other, we get that ^ = Yifto'^'^'^'^^^if')- easy to see that 

||2i2fc-j^i|| ^ ^ ^^-y < 2 < 2k. By Proposition iA, we get that fi is an infinitely 
divisible measure without idempotent factors. 



5 Absolute continuity 

We now introduce a nondegeneracy condition which will be needed for absolute con- 
tinuity. We say that a measure on a finite-dimensional vector space over real or Qp 
is full if fi is not supported on a coset of a proper subspace. We now prove a result 
on the Fourier transform of full measures. 

Lemma 5.1 Let ^ be a full measure on a finite- dimensional vector space V over real 
or Qp and fi be its Fourier transform. Suppose fi = T{fi) * S{fi) for some contractions 
T and S . Also, if T and S are strict- contractions or T and S commute with each 
other. Then |/t(f )| 7^ 1 for all v E V \ (e). 

Proof Here we identify the dual of V with itself. Let X = fi * fi. Then it is easy to 
see that 

1. /i is full if and only if A is not contained in a proper subspace, 

2. for any v & V \ (e), |/i(f )| = 1 if and only if \{v) = 1. 
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In view of this it is enough to show that X{v) ^ 1 for any v G \(e). Suppose \{y) = 1 
for some v ^ e. Then the closed subgroup, say if, generated by the support of A is 
a proper subgroup (in fact, A is supported on the annihilator of the subgroup of all 
V such that \{y) = 1 = |A(f)|). By assumption, there exists contractions T and 
S such that A = T(A) * 5'(A). This implies that T(if) C if, since e is in the support 
of A. Let be the maximal vector subspace contained in H . Then T{H^) C H^. 
Since T is an automorphism, T{H^) = . Similarly, we claim that S{H^) = H^. 
Let A denotes image of A in V/H^ and T and S be the factor automorphisms on 
V/H^ corresponding to T and S. We now claim that A = Se- Suppose is a real 
vector space. Then H/H^ is discrete and hence countable. By Proposition p.l| , A 



degenerates and hence A = 5^- Suppose y is a p-adic vector space. Then H/ = K 
say, is a compact subgroup. Since A is autophage, we have T{K)S{K) = K. This 



implies that luk = T{ujk)S{ujk)- By Proposition ^]T] or by Theorem ^TTI , K = (e), 
that is A = 5e. This implies that /i is supported on a coset of a proper subspace H^. 

Proposition 5.1 Let Ti, T2, ■ ■ ■ , Tm he a finite-set of strict- contractions on a finite- 
dimensional vector space V over real or Qp. Suppose fi is a full probability measure 
on V such that fi = Ti(/i) * T2(/i) * ■ ■ ■ * Tm{fi)- Then fi is an integrable function. 

Proof We treat the case when m = 2, the general case may be proved in a similar 
fashion. Let T and 5* be two strict-contractions such that yU = T(/i) * S{^). Let T* 
and S* be the adjoint of T and S respectively. Let t = \ \T*~'^\\~^ and s = | IS**""*^! |~^. 
Let < r < 00 be such that + = 1. 



Let fi be the Fourier transform of /i. By Theorem [4.1| and Theorem 4.2 of /t 
does not vanish. Thus, the function g defined by 

g(v) = -||t;||~Mog(|^(f)|) 

for any t> G (e) is a continuous function. Since /x is full, by Lemma pTl] , \fi{v) \ 7^ 1 
for any v ^ V \ {e). Thus, g does not vanish. 
Now for any v & V \ {e), 

g(v) = -\\v\n\0g\fi{T*{v))\ + \0g\fi{S*ivm 

= i^-^r9iT*{v)) + {^-^rg{s*{v)) 

> t^giT*iv)) + s-giS*iv)) 

since for any automorphism a of ^ and f G ^ \ (e), ||f || < Thus, 
for any v ^ in V, we have g{v) > min{g{T*{v)), g{S*{v))}. For each v & V \ (e), 
we now define for n > 0, a„ G sg(T*,S*) inductively as follows: ao = I and for 
n > I, an to be the either T*q;„_i or S*an~i if g{T*an-i{v)) < g{S*an-i{v)) or 
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g{S*an-.i{v)) < g{T*an-i{v)) respectively. This implies that 

9{an-i{v)) > rg{T*an-i{v)) + s'-g{S*an-i{v)) 
> mm{g{T*an-i{v)),g{S*an-i{v))} 
= g{aniv)) 

for all n > 1. Thus, for each v G ^ \ (e), there exists a sequence (possibly, 
depending on v) in sg{T*,S*) such that = n, an = T*a„_i or S*an~i and 

g{v) > g{an{v)). 

Let c = mm{g{v) \ min{t, s} < ||f|| < 1}. We now claim that < c < g{v) for 
any \\v\ \ > 1. Since g does not vanish, c > 0. Let v be such that \\v\ \ > 1. Let G 
sg(T*,S*) be such that = «n = r*«n-i or S*an-i and (y'(Q;„(f)) < g{v). 

Then we get that an{v) ^ as n — oo and (^(t') > g{an{v)) for all n. Let G N be 
such that < 1 but ||afc_i(f)|| > 1. Since the roles of T and 5* are similar, we 

may assume that ak = T*ak-i. So, 

1 < < \\T*''\\\\ak{v)\\ 

and hence t = \ \T*^^\\^^ < \\ak{v)\ \ < 1. This shows that 

g{v) > c 

for all V with ||f || > 1. It follows from the definition of g that 

\fi{v)\ < exp(— c| l^;! 

for all V with | |f 1 1 > 1 and for some constant c > 0. Thus, fi is an integrable function. 

Theorem 5.1 Let Ti, T2, • • • , be contractions on a finite- dimensional vector space 
V over real or Qp such that TiTj = TjTi for all 1 < i,j < m. Suppose /i = 
Ti[ij) * T2{n) * ■ ■■ * Tm(yu) G V{V) is full. Then fi is absolutely continuous with 
a bounded continuous density. In particular, a full autophage measure on V is abso- 
lutely continuous with a bounded continuous density. 

Remark 5.1 Any question regarding absolute continuity should be addressed only 
in the class of full measures because any non-full measure is obviously not absolutely 
continuous. In view of this the assumption fullness is necessary in Proposition 



and Theorem 5.1 



Proof Arguing as in Theorem [4.1| , we may assume that each Tj is strict-contraction. 
Now by Proposition p.l| , we get that /t, the Fourier transform of fi is integrable. This 
shows by inverse Fourier transform that the measure fi is absolutely continuous with 
a bounded continuous density. 
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We now prove the absolute continuity of certain semistable measures. 

Corollary 5.1 Let fi be a full measure on a finite- dimensional vector space over real 
or Qp. Suppose is (T, n) -semistable. Then fi is absolutely continuous with a bounded 
continuous density. 



Proof Suppose /i is (T, n)-semistable, that is, T(/i"') = yU. Suppose is a real 
vector space, then since is full by 0, we get that T is a contraction. By Theorem 
STTl , yU is absolutely continuous with a bounded continuous density. Suppose V is a. 
vector space over Qp. Then by [Q, there exist a, x (zV and a continuous convolution 
semigroup (/if) in ViV) such that T[iit) = l^nt for alH > and /ii = x/i. It is enough 
to prove Hi is absolutely continuous. By there exist a compact subgroup K oiV 
and a convolution semigroup jit in V{C{T)) where C{T) = {x & V \ T"'(x) — > e} such 
that Ht = ujk* fit, T{jlt) = jlnt and C{T) r\ K = (e). Since /i is full, V is spanned by 
C{T) and K. Let W be the vector space spanned by K. Then K is open in W and 
C(T) n ly = (e). Thus, V is the direct product of C{T) and VT. Since /ii = cu/^ * Jjti^ 
it is enough to show that fbi is absolutely continuous. Since /i is full, yUi is full and 
hence jli is full in C(T). By Theorem |5.1|, jli is absolutely continuous with a bounded 
continuous density. 
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